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Abstract
It is shown that
• there does not exist a (bounded) metric space X with more than one element which is isometric
to the metric space CL(X) of nonempty and closed subsets of X endowed with the Hausdorff
metric, and
• there does not exist a (bounded) metric space X which is isometric to the metric space N(X) of
nonexpansive functions from X to R endowed with the supremum metric.
Whether
• there exists a (bounded) metric space X with more than one element which is isometric to the
metric space M(X) of Borel probability measures on X endowed with the Hutchinson metric
is still open.
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1. IntroductionIn this paper, we focus on three fundamental constructions of metric spaces: given a
bounded metric space X, the set CL(X) of nonempty and closed subsets of X endowed
with the Hausdorff metric, the set N(X) of nonexpansive functions from X to R endowed
with the supremum metric, and the set M(X) of Borel probability measures on X endowed
with the Hutchinson metric. We address the question whether there exist metric spaces X
which are isometric to CL(X), N(X) and M(X), that is, whether CL(−), N(−) and M(−)
have fixed points.
In theoretical computer science, these fixed points are exploited to model recursive
programs. In particular, CL(−) and M(−) are used to describe nondeterministic and
probabilistic programs. In [3], De Bakker and Zucker showed that there exists a bounded
metric space X which is isometric to (a minor variation on) CL( 12 ·X), where 12 · leaves
the set unchanged and multiplies the metric by a half. Thayer [6] sketched that the scaling
by a half is essential in the setting of ultrametric spaces: there does not exist a (bounded)
ultrametric space X with more than one element which is isometric to the ultrametric space
CL(X) of nonempty and closed subsets of X endowed with the Hausdorff metric. The
details are provided by the authors in [2]. Here, we extend his result to the metric setting.
In particular, we show that there does not exist a bounded metric space X with more than
one element which is isometric to the metric space CL(X). Furthermore, we prove that
there does not exist a bounded metric space X which is isometric to the metric space N(X)
of nonexpansive functions from X to R endowed with the supremum metric.
These results cannot simply be obtained by cardinality arguments. For example, the
bounded metric spaces [0,1], CL([0,1]), N([0,1]) and M([0,1]) have the same cardinality.
Instead, like Thayer, we consider the δ-discrete subsets of a metric space X. A subset is δ-
discrete if its pairwise distances are all at least δ. If metric space X has a δ-discrete subset of
size κ then the space CL(X) has a δ-discrete subset of size 2κ . This immediately implies
that a metric space X of cardinality less than ℵω cannot be isometric to its hyperspace
CL(X). Thayer’s proof was simply based on the existence of a largest δ-discrete subset of
an ultrametric space. However, a metric space does in general not have a largest δ-discrete
subset as we will see. Here, we show that there does not exist an expansive function from
the set Dδ(X) of nonempty and δ-discrete subsets of X endowed with the Hausdorff metric
to the metric space X. A function is expansive if it does not shrink any distances. By
constructing expansive functions from Dδ(X) to CL(X) and to N(X), we obtain the above
mentioned results as corollaries. We will also show that there does not exist an expansive
function from Dδ(X) to M(X).
The rest of this paper is organized as follows. In Section 2, we present some definitions.
In Section 3 we prove that there does not exist an expansive function from Dδ(X) to X
which is our main theorem. Section 4 contains the results mentioned in the paragraph
above as corollaries of our main theorem.
2. Definitions
A metric space X is bounded if there exists a δ > 0 such that for all x , x ′ ∈X,
d(x, x ′) δ.
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In this paper, we restrict our attention to bounded metric spaces, since the Hausdorff
distance Hd , the supremum distance Sd and the Hutchinson metric Md on unbounded
metric spaces may give rise to infinite distances. In that case, Theorem 1 is vacuously true.
Let X and Y be (bounded) metric spaces. A function f :X→ Y is expansive if for all
x, x ′ ∈X,
d
(
f (x), f (x ′)
)
 d(x, x ′).
A function f :X→ Y is nonexpansive if for all x , x ′ ∈X,
d
(
f (x), f (x ′)
)
 d(x, x ′).
Let δ > 0. A subset A of X is δ-discrete if for all a, a′ ∈A,
if a = a′ then d(a, a′) δ.
The Hausdorff metric on the set CL(X) of nonempty and closed subsets of X is defined by
Hd(A,B)= max
{
sup
a∈A
inf
b∈B d(a, b), supb∈B
inf
a∈Ad(b, a)
}
.
The supremum metric on the set N(X) of nonexpansive functions from X to R is defined
by
Sd(f, g)= sup
x∈X
d
(
f (x), g(x)
)
.
The Hutchinson metric on the set M(X) of Borel probability measures on X is defined by
Md(µ,ν)= sup
{∫
X
f dµ−
∫
X
f dν
∣∣∣∣ f :X→R is nonexpansive
}
.
For more information about the Hausdorff metric and the Hutchinson metric we refer the
reader to, for example, [1, §3.2] and [4, Section 2.5].
3. Main theorem
Theorem 1. For every metric space X with more than one element, there is a δ > 0 such
that there is no expansive function from Dδ(X) to X.
Proof. LetX be a metric space with more than one element. We choose δ such that D2δ(X)
does not consist exclusively of singletons. Let D = {x0, x1} be a doubleton in D2δ(X).
Towards a contradiction, assume there exists an expansive function η : Dδ(X)→X. There
is a partition of X into X0 and X1 such that
∀i ∈ {0,1}: ∀A ∈Dδ(Xi): Hd(D,A) δ. (1)
Take, for example, X0 to be the open ball around x0 of radius δ.
By Zorn’s lemma, suppose that ∆ is a maximal nonempty δ-discrete subset of X
satisfying
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∃i ∈ {0,1}: ∆∩Xi = ∅ ∧ ∀x ∈∆ \
{
η(D)
}
:∃A ∈ Dδ(X): x = η(A)∧ (A⊆∆∩X1−i ∨A∆∩Xi). (2)
Note that {η(D)} is a nonempty and δ-discrete subset of X with the above property. Fix
i witnessing (2) for ∆. We conclude this proof by showing, by way of contradiction, that
∆ can be properly extended to a set satisfying (2). Let ∆′ =∆∪ {η(∆∩Xi)}. We have to
check that (a) ∆′ is δ-discrete, (b) η(∆∩Xi) /∈∆ and (c) ∆′ satisfies (2).
(a&b) Since ∆ is δ-discrete, it suffices to show that for all x ∈∆,
d
(
x,η(∆∩Xi)
)
 δ.
This implies that η(∆∩Xi) /∈∆. According to (2), either x = η(D) and
d
(
η(D),η(∆ ∩Xi)
)
Hd(D,∆ ∩Xi) [η is expansive]
 δ [(1)]
or x = η(A) for some subset A of ∆ different from ∆∩Xi and
d
(
η(A),η(∆∩Xi)
)
Hd(A,∆∩Xi) [η is expansive]
 δ [∆ is δ-discrete].
(c) If η(∆∩Xi) ∈Xj , then j witnesses (2) for ∆′ by (b). ✷
On the one hand, as can be seen in our proof, if X has diameter greater than or equal to
2δ then there exists no expansive function from Dδ(X) to X. On the other hand, if X has
diameter less than δ then there is certainly an isometry between Dδ(X) and X. In the next
example we show that there exists a metric space X with diameter arbitrary close to but
less than 2δ such that Dδ(X) can be isometrically embedded into X.
Example 2. Let the metric space X consist of the set {(m,n) ∈ N×N |m n} endowed
with the metric
d
(
(m,n), (m′, n′)
)=


0 if m=m′ and n= n′,
2 if m=m′ and n = n′,
1 otherwise.
Clearly, X has diameter 2. For all 0< ε  1,
D1+ε(X)=
{
A⊆ {(m,n) ∈N×N |m n} |m ∈N} \ {∅}.
Note that, for all A, B ∈D1+ε(X),
d(A,B)=


0 if A= B,
2 if A = B and A, B ⊆ {m} ×N for some m ∈N,
1 otherwise.
Hence, D1+ε(X) can be isometrically embedded into X by mappingA⊆ {(m,n) ∈N×N |
m n} to (2m,n) for some n 2m.
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We conclude this section with an example of a metric space which does not have a
largest δ-discrete subset for all 0 < δ  1.
Example 3. Endow the set {(m,n,α) |m ∈N, n ∈N, α < ℵmω+n} with the metric
d
(
(m1, n1, α1), (m2, n2, α2)
)
=


0 if m1 =m2, n1 = n2 and α1 = α2,
2−m1 if m1 =m2, n1 = n2 and α1 = α2,
2−(min{m1,m2}+1) otherwise.
Let m ∈N. For all n ∈N, {(m,n,α) | α < ℵmω+n} is a 2−m-discrete subset of size ℵmω+n.
However, there does not exist a 2−m-discrete subset of size ℵmω+ω .
4. Corollaries
Corollary 4. Let X be a metric space with more than one element. If, for every δ > 0,
there exists an expansive function from Dδ(X) to the metric space Y , then there exists no
expansive function from Y to X.
Proof. Towards a contradiction, for every δ > 0, let ηδ : Dδ(X) → Y be an expansive
function and let η :Y → X be an expansive function. Then, for all δ > 0, the function
η ◦ ηδ : Dδ(X)→X is expansive. This contradicts Theorem 1. ✷
Corollary 5. There does not exist a metric space X with more than one element that is
isometric to the metric space CL(X) of nonempty and closed subsets of X endowed with
the Hausdorff metric.
Proof. According to Corollary 4, it suffices to show that for every metric space X with
more than one element and for all δ > 0 there exists an expansive function η : Dδ(X)→
CL(X). Every δ-discrete subset of X is a closed subset of X. Hence, the inclusion from
Dδ(X) to CL(X) is the expansive function we are looking for. ✷
Obviously, the above corollary does not hold for metric spaces with at most one element.
Lindenbaum [5, Theorem 10] observed that a compact metric space X cannot be
isometrically mapped onto a proper subset of X. Since every metric space X with more
than one element can be isometrically mapped onto the proper subset {{x} | x ∈ X} of
CL(X), Lindenbaum’s result implies that no compact metric space X with more than one
element can be isometric to its hyperspace CL(X). Note however that such an argument
cannot deal with the non-compact case as even a countable set endowed with the discrete
metric is isometric to each of its infinite subspaces.
Corollary 6. There does not exist a metric space X with more than one element that is
isometric to the metric space N(X) of nonexpansive functions from X to R endowed with
the supremum metric.
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Proof. According to Corollary 4, it suffices to show that for every metric space X with
more than one element and for all δ > 0 there exists an expansive function η : Dδ(X)→
N(X). The function
η(A)(x)= inf
a∈Ad(x, a)
returns nonexpansive functions and is expansive as we will show next.
Let A ∈Dδ(X) and x , y ∈X. Without loss of generality, we can assume that η(A)(x)
η(A)(y). In that case,
∀a ∈A: d(x, a) d(x, y)+ d(y, a)
⇒ inf
a∈Ad(x, a) infa∈Ad(x, y)+ d(y, a)
⇒ η(A)(x) d(x, y)+ η(A)(y)
⇒ η(A)(x)− η(A)(y) d(x, y)
⇒ ∣∣η(A)(x)− η(A)(y)∣∣ d(x, y) [assumption].
Therefore, the function η(A) is nonexpansive.
Let A, B ∈ Dδ(X). Then
Sd
(
η(A),η(B)
)
= sup
x∈X
∣∣η(A)(x)− η(B)(x)∣∣
max
{
sup
a∈A
∣∣η(A)(a)− η(B)(a)∣∣, sup
b∈B
∣∣η(A)(b)− η(B)(b)∣∣} [A, B ⊆X]
= max
{
sup
a∈A
η(B)(a), sup
b∈B
η(A)(b)
}
[for all a ∈A, η(A)(a)= 0 and for all b ∈ B, η(B)(b)= 0]
= max
{
sup
a∈A
inf
b∈B d(a, b), supb∈B
inf
a∈Ad(b, a)
}
=Hd(A,B).
Hence, η is expansive. ✷
By a simple cardinality argument we can deduce that the above corollary also holds for
metric spaces with at most one element. Obviously, the corollary also holds for continuous
functions.
Corollary 4 cannot be used to prove that there does not exist a metric space X with more
than one element that is isometric to the metric space M(X) of Borel probability measures
endowed with the Hutchinson metric as is shown in the next example.
Example 7. Let X = {x, y} with x and y 1-apart. Let δ = 1. Since X is 1-bounded, we
can restrict ourselves to nonexpansive functions from X to [0,1], instead of R, in the
definition of the Hutchinson metric. We can also infer that M(X) is 1-bounded. Towards
a contradiction, assume that η : D1(X)→ M(X) is expansive. Because η is expansive and
the 1-discrete subsets {x}, {y} and {x, y} are 1-apart, their η-images are 1-apart as well.
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Let µ1, µ2 ∈ {η({x}), η({y}), η({x, y})}with µ1 = µ2. Since Md(µ1,µ2)= 1, there exists
a nonexpansive function f :X→[0,1] such that
1= f (x) ·µ1
({x})+ f (y) ·µ1({y}),
0= f (x) ·µ2
({x})+ f (y) ·µ2({y}).
Therefore, either
µ1
({x})= 0, µ1({y})= 1, µ2({x})= 1 and µ2({y})= 0
or
µ1
({x})= 1, µ1({y})= 0, µ2({x})= 0 and µ2({y})= 1.
Similar restrictions can be derived for µ1 and µ3 and for µ2 and µ3, leading to a
contradiction.
We conclude this paper with
Problem 8. Does there exist a metric space X with more than one element that is
isometric to the metric space M(X) of Borel probability measures on X endowed with
the Hutchinson metric?
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